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COUNTERIONS IN COULOMBIC INTERACTION SYSTEM 
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The additivity rule of counterion activrty or osmotic pressure in rodlike polyelectrolytc solutions has been discussed on 
the basis of the Fokker-Planck and Poisson equations in relation to the fluctuation of counterion distribution. This new 
theory has concluded that the additivity rule of counterion activity is less applicable than that of osmotic pressure due to 
the electric expansion force acting on the free-volume surface resulting from the fluctuation of counterion distribution. The 
theory has introduced an approximate relation between the counterion activities in the mixture solution of divalent and 
monovalent counterions, such that Aa.+ = AC,, - Aa++, in which b a, represents the increase of activity of monovalent 
counter-ions resulting from the addition of divalent count~riz..~ AC ++ (in molar) to the solution, and An,, means the in- 
crease of the divalent counterion activity (in molar) j:* this process. This relation has been experimentally examined for Na- 
PSS solutions in the process of Cu 2+ ion addition by the use of Na+ and Cu2+ sensitive electrodes, and it has been turned out 
that the relation is established in the low charge state of polyion. 

I_ introduction 

The additivity rule of osmotic pressure or counter- 
ion activity, which is one of the most important prop- 
erties of polyelectrolytes solutions, has been theoreti- 
cally proved mainly for the case of rodlike polyion on 
the basis of the cluster integral theory or the two di- 
mensional Poisson--Boltzmann equation [l-6] _ 

Usually, the additivity rule has been limited to the 
solutions of a single species of counterion. It should be 
noted, however, that these theories can be extended 
to the system of multi-species of counterions, provided 
that the interactions between polyions and low molec- 
ular ions are electrostatic [7] _ It is of interest to exa- 
mine the theoretical result for the competitive electro- 
static binding of different species of counterions to 
the polyion in their coexisting solutions_ 

In this paper, at first we will present a new theory 
describing the additivity rule and general relation be- 
tween the activities of counterions of various species 
in the two dimensional rodlike polyion solutions, not 
based on the Poisson-Boltzmann equation but based 
on the Fokker-Planck and the Poisson equations. This 
theory discusses the establishment of the additivity 
rule in relation to the fluctuation of counterion distri- 
bution or neutrality of polyion free-volume_ From this 

theory it is concluded that the additivity rule of osmotic 
pressure is established for the system of very thin and 
long rodlike polyions even in the presence of the neu- 
trality fluctuations of the polyion free-volume, while 
the additivity of counterion activity becomes less avail- 
able due to the occurrence of the electric expansion 
force acting on the free volume-surface resulting from 
the neutra5ty fluctuation_ 

Secondary, we will examine whether or not the rela- 
tion predicted by the theories can be established in the 
coexistent solution of monovalent and divalent counter- 
ions. 

The simplest way to perform this examination is to 
observe the increase of the activity of monovalent coun- 
terions resulting from the addition of divalent counter- 
ions and to compare the result with the theory. Ac- 
cording to the theory, as seen in the next section, the 
increase of the activity of monovalent counterions, 
Aa+, resulting from the addition of divalent counter- 
ions, is expressed with the decrease of the activity of 
added divalent counterions in molarity units, -AL+., 
in the following form; 

ha, = AC,, - Aa,, , 

where C,, e&ibits the molar concentration of added 
divalent counterion. 



This relation is established for the systems of very 
thin and rodlike polyions where only the electrostatic 
interactions are involved between the polyion and the 
counterions. This implies briefly that the amount of 
the release of the bound monovalent counterions on 
addition of divalent counterions is equal to the amount 
of the bound divalent counterions. In the case of cova- 
lent binding of divalent counterions to the polyion, 
Aa, must have been given by 24(C_,_, - a,,), since 
the divalent counterions mask the polyion with double 
charges. Therefore, in order to check this relation, it 
is required in the experiments that both kind of coun- 
ter-ions, monovalent and divalent, must not be bound 
to polyion forming chemical bonds. In this respect, 
we chose the sodmm salt of polystyrene sulfonate 
(Na-PSS) as a polyeltctrolyte and copper sulphate 
(CuSO,) as an adding divalent salt, since copper ion 
is thought not to be bound to PSS by non electro- 
static interaction. This polyion has been ascertained 
to take a rodlike conformation, and is suited for the 
examination of the theoretical results based on the 
rodlike model [8,9] _ Also this system‘has the merit 
that the copperion activity can be simply obtained 
with high accuracy by the use of a reliable copper ion- 
sensitive solid membrane electrode [IO]. 

Our experimental results showed that the above 
relation is approximately established in our (PSS-Na+, 
Cu’+) system over a certain added Cu”+ ion concen- 
tration range. 

2. Theory 

Let us assume that a rodhke polyion, with radius a 
and linear charge density neo (assumed to be positive) 
B situated in the center of its coaxial free-volume of 
radius R. (see fig. 1). If the averaged velocity of the 
distributed iow molecular ions of species i around the 
polyion is denoted by Vi, the number concentration 
of the ith ions,fi, satisfies the following equation of 
continuity at time t; 

aftar= -V -&-vi _ (1) 

The reduced electric potential Q (defmed as the elec- 
tric potential divided by the Boltzmarm factor kT and 
multiplied by the elementary charge eo) is described 
with the cylinder coordinates r, 8, whose origin is at 
the center of the polyion rod axis, by the Poisson 

counterion 
fluctuation 

Fig. 1. Model of a rod-like polyion and free volume. 

equation; 

where $. @e are defined by 

4r= adJar, +. z agjas, 

and p is detined, with the dielectric constant of solvent 
denoted by D by 

/3 = e;/DkT . 

if the ith low molecular ions have a hydrodynamic 
friction constant b and valence zi, the following force- 
balance equation for a single ith ion is established, 

-bVi - kT(Vzi4j -t Vlnfi) = 0 _ (3) 

Eq. (1) is transformed into 

Ca(S;-f;:r’)/at= - C (V ~i~r'Vi) + 2 C Eifir.Vi , 

where Z: denotes the summation over all species of i. 
Substitution of eq. (3) into the above relation leads 

to the following equation in the integral form, under 
consideration of eq. (2) for the Zfizi term; 

v v (4) 

-2kTC 
s 

r.VfidV+2kT (GZQ/4iTP)r'VQdV, 
_r 

where the integration is to be performed over the 
whole free-volume V. It is important that each of the 
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integration terms on the right-hand side of eq. (4) can 
be transformed into the surface integrals on the poly- 
ion and the free-volume by the Gauss theorem. 

The first term is expressed by the ion-fluxes passing 
through the polyion surface and the free-volume sur- 
face in the perpendicular direction, such that, 

where S, and S, represent the surfaces on the free- 
volume (r = R) and on the polyion rod (r = a). respec- 
tively, and Yin and _&, are ion velocity and ion f&x 
in the direction perpendicular to the corresponding 
surfaces, respectively. 

Let us take the time-average on these ion-fluxes. 
Considering the physical condition that the time- 
average of the ion-fluxes through the surfaces S, and 
S, should vanish in the fluctuation process of low 
molecular ions, W: have 

V*fir’uidI’ 
> 

= 0 , 
f 

(5) 

where ( >r represents the time average- 
The second term on the right-hand side of cq. (4) 

can be transformed into the following form without 
difficulty: 

where Ci is the spatial average concentration of ith 
ions in V. The time average on the both sides of eq. (6) 
is s+nply given by replacing fj(R), f;:(a) and Ci in eq. 
(6) with (f;:(R)), C&(Q)) and (C,), respectively. The 
third term on the right hand side of eq. (4) can 
be transformed into the following form by the use of 
the Gauss theorem; 

C-0 

where 4 and Qe represent a@/&- and &$@9, respectively, 
and X, defmed by the following relation, denotes the 

electric expansion force per unit area on the free- 
volume surface. 

It is important that the time-average of +.. that is C&J, 
must be zero on the free volume surfac; because of the 
neutrality of the free-volume and of course (Ge> = 0. 
but $3~) or (& remains finite in the process of the 
fluctuation of counterion distribution. Thus, the elec- 
tric expansion force X may rppear on the free-volume 
surface causing a negative pressure on the system. 

The term on the left-hand side of eq_ (4) vanishes 
on taking the time-average of this term) since in the 
fluctuation process the relation 

taf;:lat,* = 0 ) (9) 

should be established anywhere in the free-volume. 
If the pofyion radius LZ is assumed to be infkitely 

small, that is ifs/R -+ 0, we can assume that the quan- 
tities a2fi(~) in eq. (6) and Qe (a) in eq. (7 j may be put 
to be zero- The value of a$(~) in eq. (7) can be es- 
Fressed by linear number density of polyion charge, 11, 
as: 

ffg5&r) = -17p - 

Thus, the f&owing final relation is obtained from eq. 
(4). 

where X (z ZZ@) is the well known charge parameter. 
The time-average of overaIl concentration of ith ion, 
tCi>, is simply written by the usual concentration Ci 
and the average concentration on the free-volume sur- 
face, f;;(R), can be regarded as the activity of ith ion. 
ai, so that the above equation is written as 

The term on the Ieft-hand side of eq. (11) represents 
the pressure on the free-volume surface which is meas- 
ured as the osmotic pressure of the solution TI. 

Especially for the solutions of monovalent positive 
counterions and monovalcat negative byions, since 
ZCi is “Ci = C, + (H/Y), eq. (11) becomes 



where S, is a contribution of osmotic pressure by 
added salt_ This relation is valid for h < I and hr the 
case X > 1, R stays constant at A = I according to the 
ion-condensation theory in which ff’fi(Q) term in eq. 
(6) is still fiied at zero as Q tends to zero. 

Thus, for the osmotic pressure, the addititity rule 
is established_ It is important that the additivity of 
counterion a&&y, however cannot be obtained unless 
the term X can be ignored. It is supposed that in the 
absence of salt or in the case of dilute salt solutions, 
X may be neglected. Since the concentration of the 
byion may be regarded as the activity, one can put 
C__ = o_, and eq. (1 Z) leads to the approximate reta- 
tion available when X=0 for the system of multi- 
components of counterion‘species: 

W? 

Let us treat the case when divalent salt is added to 
the pdyion solution having originally only monovalent 
counterions. From eq. (I 3) the increase of the activity 
of monovalent counterions, due to the addition of 
AC’,, of divalent counterion, Aa,. is expressed by 

AaJAC,, = A(C+, - a+,)lAC+, , ($4) 

under the approximation that the activity of byionj a_ 
is nearly equal to be the concentration cf byions C_. 
In the eq. (14) A(C’+., - a++) represents the amount 
of bound divaient counterions on the addition of the 
divalent counterions. This rule implies that one bound 
divaient counterion releases one monovaknt, gradually 
masking the polyion charge on the successive addition 
of divalent salts. It is of interest to check this equation 
experimentally and this is the purpose of our przrent 
study. 

3. Experimenta section 

The sodium salt of poly (styrenesulfonate) (NaPSS) 
(average mol wt 5 X 104) was supplied by the courtesy 
of Dr. f. Noda. Purification and standardization of the 
sample were carried out in the foilowing way- 

At first 1 .O S of NaPSS was perfectly dissolved in 
pure water of 50 ml and dialysed against deionized 
redistilled water at 5OC for 3 days to remove excess 

simpIe salt and contamination of low mofecufar weight 
fragments. NaPSS was then converted completely to 
the acid form by exchanging Na*-counterions to H”- 
ions with Dowex-SO resin. Removal of the main impu- 
rities and concentration of the solution were carried 
out by dja~tratj~n in a 6.5 ml stirred-ultrafiltration 
ceh (52 Amicon Corp., ler&rgton, Mass.) using a dia- 
fiow membrane (uM+ IO; moIecufar weight cut-o<f of 
10 OOG) under nitrogen gas. Standardization of PIPSS 
was then performed by titration against stan&rd NaOH, 
and the neutralized PSS (NaPSS) was stocked st T’C. 

An alternating copolymer of ethylene and male& 

anhydride was purchased from Scientific Polymer 
Products, Inc. (New York)_ The procedures of purifica- 
tion, conversion to acid-form and standardization of the 
final stock solutioncl were described earlier [ 1 I ] r and 
removal of the impurities was carried out in the same 
way as described above. Ah the aqueous solvents used 
were distihedd, deionized by ion exchange and redis- 
tifled with pyrex-gfass apparatus till each efectric resis- 
tance exceeded 500 k!Z/cm. 

The sodium hydroxide used for the standardizations 
and the potentiometric investigations was prepared by 
ditution of a saturated NaOH solution with almost 
CO,-free redistilled water, and its standardization ~3s 

made by the titration with a standard HCI_ Used salts, 
&Cl, CuS04 and NaZS04 were ultrapure or of special 
reagent grade, and they were used without further puri- 
fication. 

The conductivity measurements were performed by 
the same method as described in the previous paper 
[1X]- 

For the simultaneous measurements of Na* ion and 
C&’ ion activities, both a Na+-ion selective ghss elec- 

trode (CE 1200, Tako Kagaku Co. Ltd., Tokyo) and 
a CL? ion selective solid membrane electrode (no. 
94-29, Orion Research, ;nc_, Cambridge) were inserted 
into a 2&O ml aqueous sohrtion af NaPSS at a f&cd 
concentration in a glass cell immersed in an isothermal 
water ba?h at 25 f 0.01 “C under nitrogen gas. A 
saturated calomel reference electrode is prepared in a 
separate vessel in the same bath whose saturated KCI 
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Pie. 2. The activity increment AoN,+ of Na+ ion and the inactive Cua+ ion (CCu2 + - nCu2+) versus added CuSO4 (molaritv) at 
constant PSS concentration (0.002 mol.) at 25°C; -.--: AapJa+(IIlcd.),-G-: CCu2+ - oCu~t(mol.). 

solution is connected to the cell through a KC1 liquid 
junction tube with a pin-hole at its end. The pin-hole 
is made so that the leakage of KC1 into the solution is 
as small as possible within the error of the liquid junc- 
tion potential. 

ihe reliabiiity of the Cu 2*-ion selective electrode 
and its complementary apparatus was assured by the 
plots of the potential versus the logarithm of the CL?* 
ion concentration in polyion-free 0.5 M Na,SO, solu- 
tions as described in ref. [I 2] _ It was concl&ded that 
our C@ ion sensitive electrode was available in Cr? 
concentration range over 10-S N. Calibration of the 
electrode system was made before and after each ex- 
periment. ‘ihe reliability of the Nai-ion selective elec- 
trode was assured by the plot of the potential versus 
the logarithm of the Na’ ion activity (quoted fro;n the 
tables [ 133) in polyion-free solutions which formed 
always a straight line with the expected nemstian slope 
(59.2 mV per ten-fold lJai-ion activity change) in :he 
concentration region over 5 X 104 N. 

For the accurate addition of small amount of CuSO4 
to the cell, a 0.5 ml ultra precision microburet 
(Metrohm E457) with the finest scare division 0.5 ~1 
was employed. Equilibriaticn of rhe solutions after 

each addition of titrantwas made by the method de- 
scribed elsewhere [ 1 O] _ Since there is a light effect 
on the standard potential of the Cu2+-ion selective 
electrode (2 to 5 mV), the whole apparatus was co- 
vered with a steel box to avoid the light, which was 
also effective for electric shielding. The potential 
readings of both electrodes, detected by a Hitachi- 
Horiba and a Yokogawa ionmeter with the help of 
a connected two-pen recorder, achieved the desired 
precision within an error of 0.02 mV. 

4. Results 

Jn fig. 2, the increment of Nai icn activity (Aa,,) 
and the inactive molar Cu7” ion concentration, Cc, - 
a,-” ~ are plotted against the added CuSO, molar con- 
centration Cc,. As seen in this figure, the amount of 
Aa,, is almost the same as the amount of (Ccu - acu) 
when Cc, exceeds nearly 03 mN. This result con- 
cludes that the theoretical relation, eq. (14), is almost 
perfectly established experimentally, provided that 
C,, is rather high. In the case Cc, is smal!er than 0.3 

mN, Aa,, becomes nearly two times larger than the 
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Fig. 3. The specific conductivities K (mho cm-‘) of 1 IaPSS versus the concentration of the added CuS04 at constant polyion con- 
centration (Cp = 0.004 mono mo1.) at 25°C; -e--: the experimental rpecific conductivities, --c--: the calculated specific conducti- 

vities, and --I--: *kc ~p,scific conductivities of the simple C&O4 solution_ 

bound Cu’+ concentration, CC, - aCu _ This implies 
that when the added Cuzi concentration is lower than 
about l/l 0 of monomer concentration, eq. (14) 
becomes invalid, and instead one C& ion binding be- 
comes to correspond to two released Na* counterions 
like the case of covalent Cuz+ ion-formation with the 
polyion. 

The above theory is established only for the system 
of electrostatic interactions. To examine that our 
PSS-Cu system is i-uainly of such a electrostatic inter- 
action, the following conductivity measurements were 
performed. In fig. 3, the specific conductivity, K, of 
PSS-Na solutions when adding CuSOq are shown ia- 
gether with the sp~cifk condktivity of simple C&O4 
solutions and the Cal:! :*ed conductivity of polyion 
solution which was obtairk$kom the values of Cu2+ 
ion and Naj ion activities expG._:,:entally obtained in 
the present Fqlutions and the table :-2lues of the limiting 
equivalent conductivity of these ions [ 14]_ 

As seen in fig. 3, the conductivity line for PSS-CUSO~ 

solutions is experimentally almost parallel to that for 
simple CuS04. A little deviation from the complete 
parallel can be attributed to the difference of equiva- 
lent conductivities between free Nat ion and free Cu3+ 
ion. In fact, the coincidence of the experimental line 
with the line calculated on the basis of the table values 
of specific conductivities of free CuZi- and Nai ions 
is satisfactory in fig_ 3. A completely different feature 
of the conductivity is observed in the case of strong 
C& ion-binding forming a Cu*+ ion chelation be- 
tween the two neigbbouring ionized carboxyl groups, 
for instance in poly (Et-CO-MA) solutions as a typical 
case, the result cf which is shown in fsg. 4. 

5. Discussions 

The coincidence of the experimental result with eq. 
(14) is satisfactory at least as a first approximation. 

It should be remarked that our theoretical results of 
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Fig. 4. The specific conductivities K (mho cm -‘) of sc,dium salt of poly (Et-co-MA) versus the concentration of the added C&04, 
at the constant polyion concentration (Cp = 0.004 mono mol.) at Z°C; -O--I the specific conductivities of Cu2+-Nap(Et+o-MA) 
systems, -e--: the specific conductivities of simple CuSO4 solution. 

eqs. (1 l), (13) and (14) have been based on the assump- 
tions of, (1) the absence of non-coulombic interaction, 
(2) the two dimensional polyion system (namely rod- 

like polyion solution) and (3) the neglect of the 
u~_~(Q) term in eq. (6) as a limiting case of a/R tending 
to zero. 

In the case of high charge-density, the term a2G(a> 
cannot be neglected, because of the high values of 
fi(a) when CI tends to zero. If the value of &fi(~) is 
kept constant against the charge increase, as expected 
from the ion-condensation theory, eq. (14) can similarly 
be established_ However, in the case of the two mixed 
species of counter-ions, there is no guarantee of a con- 
stant a2fi(a) value against the mixing ratio. In fact, as 
seen in our experiments, the value of Aa,a/(C, - a,& 
exceeds unity by nearly 2-O. This is supposed to be 
due to the non-zero or not constant u2fi@) at high 
polyion charge density. As the added Cu2+ ion concen- 
tration is increased and the apparent polyion charges 
are decreased to the non-ioncondensation state by the 
masking effect of CuZLt ions, the quantity Aa,,/ 

(Cm-- aa) bet o m es to be close to unity obeying eq. 
(14) as seen in the experiments. 

In the case of activity expression, eq. (13) or eq. 
(14), the neutrality fluctuation of the free-volume, 

X is also ignored. This term X cannot be estimated 
from the activity measurements, but X is thought not 
to be qualitatively so large in our present solutions with 
low ionic strength_ 

It should be noted that the important character of 
the independence of the counterion valence in eq. (14), 
is attributed to the diffusion term -/cTvlnf;: in eq. (3) 
which has no valence term; the electric force term ZiV$ 

has been converted to the terms X and ?zhlV in eq. (11). 
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